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ABSTRACT

Certain artificial satellites used for communications and/or
navigation require means of directional stabilization. If the sat-
ellite encompasses an essentially uniform region of the gravita-
tional field, it is in neutral directional equilibrium in that force
field. The creation of an artificial satellite with a discrete dis-
tribution of mass permits us to have a satellite encompassing a
nonuniform region of the gravitational field although having a
relatively low total mass.

The basic mathematical relationships are developed that
must be satisfied by any "gravity-gradient" satellite in order that
it have stable directional equilibrium. The satellite is assumed
to have a discrete distribution of mass, and is assumed to be not
subjected to other body forces, radiation forces, and disturbing
forces.

PROBLEM STATUS

This is an interim report on one phase of the problem. Re-
search is continuing on this and other phases of the problem.
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DIRECTIONAL EQUILIBRIUM OF AN ARTIFICIAL SATELLITE ENVELOPING
A NONUNIFORM REGION OF A GRAVITATIONAL FIELD

INTRODUCTION

The "gravity-gradient" artificial satellite depends for stable directional equilibrium
on its encompassing a discernibly nonuniform region of the gravitational field. Most
feasibly, this is done by a discrete distribution of mass sufficiently removed from the
satellite proper. Particles are rigidly coupled to the satellite proper by relatively mass-
less but long rigid rods. If the overall span of the total satellite is of the order of say
100 feet, then there exists a small but useful nonuniformity in the gravitational field in-
tensity over the satellite span.

This report is written in terms of an undefined number of rod-particle pairs. The
analysis assumes that the dimensional extent of the satellite proper (total satellite sans
rods and particles) is small compared to the dimensional extent of the total satellite, and
that the gravitational field is constant over the extent of the satellite proper; the satellite
proper may therefore be considered a particle. The center of mass of the total satellite,
however, is not assumed to be at the center of mass of the satellite proper,, although the
center of mass may lie within the boundaries of the latter depending on the contribution
of the added particles to the total distribution of mass.

The total satellite is in stable orbital equilibrium in a gravitational field whose mag-
nitude obeys the inverse-square law. Other body forces, radiation forces, and all dis-
turbing forces are considered to be negligible.

DYNAMICS OF THE SATELLITE

The satellite is essentially a compound pendulum without a constrained point of rota-
tion. Its center of mass translates so as to describe a stable orbit, and any rotational
motion is about its center of mass. In the absence of an initial undamped rotation, such
rotational motion can be caused only by a moment of force about the center of mass. The
moment of force is due only to the presence of the particles of the satellite in the gravi-
tational field, and is

=1 ET (a))x m(a) .9(a) ()

where ra) is the position vector of the ath particle (including the satellite proper) origi-
nating at the center of mass, ma is the mass of the ath particle, and 9() is the inten-
sity of the gravitational field at the point occupied by the ath particle. If the force field
were uniform and its intensity g, then we would have

a ( a r)xm() a)9 (I m( a )Tr(a)) x a -o (2)

since

a m r(a)- O (3)
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by the definition of the center of mass. Thus a uniform field cannot cause rotation about
the center of mass.

If we call k the position vector of the center of mass and (a) the position vector of
the ath particle, each position vector originating at the geocenter, we have

r (a) =(a)- R(4)

and therefore

N 21 (r a-R) x M(a) 9 (a) 2 ) r ()x M(a)9(a) Rx2E m()9(a) (5)
a aa a(a

where

2 a(a)9

is the local weight of the total satellite.

If the gravitational field is point symmetrical about the geocenter, then ~' x -°
Hence

2 r aX m(a) 7(a) 0 (6)

and we have

N= -I 2 m(a) .9(a) (7)

Under this condition

(a) - (a) _ Y(r (a) + I)
9(a) r3 + 1 (8)

where y is a constant of the field. Hence

( ' + -13

where the last term of Eq. (9) identically vanishes. Thus
a rra)

-4,3

(a (a -* m() a .(0

N~~~4 3 (9)y _o
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COORDINATE SYSTEMS

Figure 1 shows the geocentric ce-
lestial sphere centered at the origin of ,X

the Euclidean reference frame r. The
XI -plane through the origin is the equa-
torial plane of the earth. The x1 -axis
is directed at some reference, say the
first star of Aries. The spherical co- ORBITAL

ordinates of the satellite are the u'i , /
where uI -I R I, u2 is the right ascen- x2
sion, and u3 is the declination of the
satellite. EOUATORIAL

In order to determine the direc-
tional positions of equilibrium of the
satellite, we need a meaningful refer-
ence coordinate system. For this pur-
pose we will use the C Euclidean sys- x' NODALLINE

tem (shown in Fig. 2) originating at the
center of mass of the satellite. Axis V' Fig. I - Geocentric celestial sphere
is colinear with R. axis 42 is tangent to
the curve of constant declination through
the centerof mass, andaxis V istangent
to the curve of constant right ascension through the center of mass. The coordinate sys-
tem C therefore translates with the satellite but does not rotate about its center of mass.
The geocentric coordinate system z remains parallel to C and therefore rotates about
the geocenter as the satellite revolves about its primary.

Fig. 2 - Satellite coordinate systems
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We additionally need a centroidal body Euclidean coordinate system v in which the
distribution of mass is known and constant. The orientation of v relative to the body is
arbitrary but fixed. The corresponding parallel geocentric coordinate system is y which
rotates about the geocenter as the satellite rotates about its center of mass. The rota-
tional motion of the satellite about is center of mass and the rotational positions of equi-
librium are stated by the Eulerian angles pi between y and 2, which are the same angles
between v and C.

The equations of coordinate transformation between 2 and the reference frame x are

i = A.i j(11)

where

Cos U2 Cos U3 sin u2 Cos U3 5i n U3

(Ai) = - n u2 Cos U2 0) (12)

Cos U
2

sin U
3

- si n u
2

Sin U3 Cos U3

in terms of the right ascension and the declination of the satellite.

DISTRIBUTION OF MASS

The discrete distribution of mass may be expressed in terms of the spherical coor-
dinates of each particle in a spherical coordinate system w originating at the center of
mass and defined with reference to the body coordinate system v (see Fig. 3). When we
express the position vectors as

(a) ci() (13)

where the Ci are the base vectors of the y or v coordinate system, we have

V(a) =(a) C (Ca) Cos W3()

V3 v(2a) = s~a1 sin W
2

, Cos W3 '
(a) -(a) ) ( ) (14)

V(3 = W1 sin Wa

The moment of force is therefore

N aR ( (15)

c.3
where the v>) are constants, but the '.

/ w(2a) \ are functions of the a. The c are of
unit magnitude but they rotate with the
satellite about its center of mass and
therefore are variable from the point of
view of the reference frame x or of the
rotational-reference coordinate system 2.

Fig. 3 - Distribution of mass We have
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Ciay) ' a,(;) ay (16)

where the 'a are the base vectors of the 2 or C coordinate system, and the -azilyi are
functions of Ithe Eulerian angles p i'. Also,

a, (a2) =e^(r) (17)

where the ek are the base vectors of the x coordinate system and the a6x/k 2 j depend on
the satellite's right ascension and declination. Hence,

Ci(y) = ek -ad -aai (18)

SATELLITE ORBIT

If we assume a point-symmetrical gravitational field about the geocenter and if we
also assume the absence of other body forces, of radiation forces, and of disturbing
forces, then the satellite orbit is an ellipse with one focus at the geocenter:

=a[l - (0)2 (1 9)
1 + e cos q4

where a is the major semiaxis of the ellipse, E is its eccentricity, and P(t) is the angle
between R and the axis e' shown in Fig. 4. t is the geocentric Euclidean coordinate
system of the orbit. The 63-plane is the orbital plane; the p 2-axis is the major axis;
and the t'-axis is the minor axis. Let the r)' be the base vectors of f, so that

wherei th ar t20)

where the f( C) are the coordinates of the center of mass of the satellite. Hence,

Fig. 4 - Satellite orbit
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C(e) CONJ enS (~i~ + ) - () 2] cs (% 

s) a~l - (5)2] sIn ( + 7T) (21)

-3
C(c) 0

Figure 1 also shows the three rotational orbital elements 6i of the satellite: A9 is
the angle between x 1 and the nodal line; 02 is the angle between the orbital plane and the
equatorial plane; and 03 is the perihelion constant. (The remaining three, and nonrota-
tional, orbital elements are a, eX and the instant of time at which the satellite is at its
perihelion.)

The Euclidean coordinates xic) of the satellite's center of mass are functions of the
e' and the 6i:

X'i =C x2zi (l 5 2 61, e2, 3) (22)

The 0' are constants, but the d are functions of time inasmuch as Ap is a function of
time. We have

(cc) () (i = 1, 2, 3; ] = 1, 2) (23)

where

I C s6 1eCOs 03 - sin 61 COs 02 sin 3

D2' = - cos 0' sin 03 - sin 0' COs 02 COs 03

N2 = sin el COs 03 + COs 01 COs 02 sin 03
1 ~~~~~~~~~~~~~~~~~~(24)

D22 sin 0' sin 03 + COs &I COs 02 COs el

3DN = sin 02 s i n 03

D2 = sin 62 COs 03

The corresponding inverse equations of coordinate transformation are

5(c) = Ei xi C) (i = 1, 2; j = 1, 2, 3) (25)

where

El' = cos 01 cos 6' - sin el Cos 02 sin 03

E21 = sin 61 Cos 03 + COs 61 COs 02 sin 63

E31 = sin 02 sin 63
(26)

E a2 = - cos 01 sin 02 - sin 01 COs 02 Cos 03

E22 = - sin 01 sin 03 + COs 0, COs 62 COs 03

E32 = s i n 2 cOs 03
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in which the 0i are the rotational orbital elements of the satellite and are constants in-
dependent of time in the absence of disturbing forces.

ROTATIONAL EQUILIBRIUM OF THE SATELLITE

The satellite is in rotational equilibrium whenever N(cp1, q2, Tp) vanishes. The equi-
librium is stable if mN/api < o for the set of zeros of N(l p2, (p3) defining the position
of equilibrium, and is unstable if Waqpi > 0.

The basic equation for the case of the point-symmetrical field is Eq. (15) and is

N = yR x Ad ¢ 

t l(a) + R

m( v~i a axk a2 i

a ~~~~(a) 7(a) ek -ad -ayt 27

7XL lee k -azj a >i)+ek 3 (27)
a e-ad-y- +ekx

where

21 - us cO 2 2O (C) =- U os U2 Cos U3

2 a = U1 sin nU2 cos u3 (28)

a3 = u sin u3

The components of the moment of force in the x coordinate system are therefore

n axk -adsao -aykN )'£jkx(fC) L m(a) (a) a S

l ek [a-k 12(ai + x ]

= c(a) 12(a) (29)

[ ~~azn P a V " + q a)s y /2a 'a, l(a) + 4(C)][as ayn f(a) (c)]}

where 1pq is the Kronecker delta, eik is the generalized Kronecker delta, and the
a2/l y' are defined by*

*See Eq. (40) in P. A. Crafton, "On the Determination of the Deck Motion of Aircraft Car-
riers," NRL Report 6215, July 1965.
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cos p' Cos 3

- sin pI COS CD2 sin (p

/ad s in 1 Cos (p 3

\ayiZ + Cos I Cos T2 sin rp

s in (p2 -in T3

- Cos (p sin (3

- sin p I COS CP2 Cos p
3

- sin (CP sin (3

+ COS (p1 COS T2 COS p3

sin T2 Cos Tp3

sin (p1 sin (p2

- cos (p1 sin (p2

Cos (p3

The -axka2j in Eq. (29) are defined by Eqs. (11) as functions of the right ascension and
the declination. The xi c) are the coordinates of the satellite and are defined by Eqs.
(23) in terms of qi(t), the eccentricity of the orbit, and the major semiaxis.

Thus the Ni are explicitly functions of time, since the x c are functions of time.
But they are also explicitly functions of the Eulerian angles (pi, since the -ad/ayi are
functions of the (pi. The positions of rotational equilibrium will therefore vary with time
for an elliptic orbit. For each point of the orbit, the Nt may be considered to be func-
tions of the pi alone. The positions of rotational equilibrium are therefore found by a
solution of the system of equations

Ni((p, (p 2, (p3) = 0 .

Each position of equilibrium is stable if the

.<0-a N. (i, i = 1, 2, 3)

for the set of zeros of N i((p, p2, Cp3 ) and is unstable if the

aN 0
-adP

(i, j = 1, 2, 3)

for the set of zeros of Ni( T', (2, Cp3).

We find the aN1 /_a(p from Eq. (29) to obtain

-a N' i ,8
-jt - iek

3(P I 4a [m( a) ( ) a3Z]

(32)

1

(31)

_{l [zP a2r 12h + XPc]

f I22s ra/) a r h
ja2yOs Ppq a- -y- Vh(a) +

1az= p21 >(a) + X~C)] )

-aa, ayl C)] _ -x Vm +

Fa P azq a22 n ad2 - h -aq a2 2 m p a -
- 3Ppq [ ar -am ayl-a( y v(a) >2(a) + a2m ayla(i x(c) A(c)jI

8

. (30)

(33)

* I-
z (qCa)]
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CONCLUDING REMARKS

An analysis has been presented giving the mathematical relationships that must be
satisfied by a "gravity-gradient" satellite in order that it have a position or positions of
rotational stable equilibrium about its center of mass. The final equations are for a sat-
ellite with a discrete distribution of mass moving in an orbitally stable path in a gravita-
tional field symmetrical about the geocenter. Numerical results would depend on the
actual mass distribution of the satellite and on its actual orbital elements.

* * *
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